Naturally, the contact interface behavior depends on the roughness of the contacting solids and their mechanical properties. A contact model considering surface roughness goes first through the description of surface roughness. For this purpose, statistical parameters are commonly used to characterize the surface [2, 3] , and fractal techniques are often used to describe the multiscale nature of rough surfaces [4, 5] .
Introduction
Contact mechanics is of high interest in many engineering systems. For many of them, if two solids are in contact, then real contact area is much smaller than the apparent one due to surface roughness. The interface behavior and the contact area has a great effect on system performance [1] .
problem is solved with optimization techniques and the region near to contact surfaces has to be finely meshed to guarantee a good accuracy [12, 13] . In return, the method is very costly in terms of CPU time which might be restrictive.
Another method is to consider the solid as a half space and solve the problem using the so-called influence coefficients [14, 15] . Following this approach, only the surface is discretized which saves considerably CPU time. Using the fast Fourier transform (FFT), a fast version of this method, has been developed in [16] .
The various existing models are focused on the contact surface geometry and consider that the solid is elastic and homogeneous, which is obviously not always true. Solids could be heterogeneous and could undergo several transformations under thermal and mechanical loadings and notably the subsurface material is the most exposed to these loadings. Hence, the bulk material properties change constantly and could affect the contact interface behavior. In several works, the material properties effect have been investigated. The plastic contact have been analyzed in [17] using the influence matrix coefficients, in [18] with the finite element method and in [19] with an improved statistical asperity model. Material heterogeneities have been considered in [20] to model fretting problems.
In many problems, the material beneath the surface can be considered as multilayered, such as coating and composites. Moreover, in braking applications and hot forging tools, there is material transformations leading to the appearance of a gradient of material properties near to contact interfaces. Thus, these properties vary in the direction normal to the contact surface. Consequently, in some way, the material can be considered as a multilayered system where each layer is homogeneous and perfect continuity is assumed at the interface layers.
The contact problem involving rough surfaces with multilayered solids (3 layers and more) has so far received a few attention. The contact between an ellipsoid and a layered half space has been studied numerically in [21] . In [22, 23] , a Green function approach has been used to analyze a 2D sliding contact problem including friction. [24] developed a modified version of Hertz theory for coated solids and have obtained fitted curves of contact area based on the work of [25] who calculate influence coefficients of coated half spaces using Fourier transform [26] . Another deterministic technique has been proposed by [27] to obtain a closed-form solution for an asperity using a perturbation technique developed by [28] . In [29, 30] , Papkovich-Neuber potentials with a fast Fourier transform scheme (FFT), have been used to study the rough contact problem of elastic and plastic solids. The problem is solved using the influence matrix method of which the coefficients are obtained by solving a linear system of equations. In most of these works, the analyses were carried on solids having a maximum of three layers. Under such approaches, it is very complicated to extend the different methods to cover the general case of multilayers.
Alternatively, the finite element method has also been used to study subsurface stresses and deformations within a flat layered medium in contact with a rigid sphere [31] and for the case of a rough surface described by Weierstrass fractal function [32] . More recently, with the same method, the contact of coated solids has been investigated by [33] and [34] with the objective of identifying the location of plastic yielding onset in coated solids. Although, this method can give a full description of a multilayered structure, its numerical cost remains very considerable comparing to semi-analytic and analytic methods.
For multilayered solids (3 layers and more), an interesting approach seems to be more convenient. It consists of defining a transfer matrix for each solid layer and then relating surface stresses to surface displacements with a transfer function depending on these matrices [35, 36] . This technique has been used by [37] to calculate the stresses in a multilayered solid submitted to the indentation of a rigid circular plate. To do that, he used a technique developed by [38] and has obtained a Fredholm integral equation which is solved to obtain a closed-form solution for the contact problem as in [39, 40] . Recently, the same technique has been used by [41] to solve the axisymmetric indentation problem of multilayered solids.
In this paper, a rough contact model of multilayered solids is proposed based on the transfer matrix technique [36] and the works of [37, 39] . First, by making use of the transfer matrix technique, the surface displacements are expressed in terms of surface stresses for a multilayer problem. Second, a contact model of an axially symmetric asperity is developed by extending the solutions proposed by [37, 39] . Then a closed-form solution is obtained for the same problem. Subsequently, by considering the classical multiasperity surface description, the contact asperity model is used to solve the rough contact problem including interactions between asperities. Finally, typical results are presented and compared to finite element calculations. In particular, the effect of the solid layers elastic properties and the asperities interactions are discussed. Moreover, several calculations are performed on many surface samples with the aim to highlight the effect of the surface spectrum breadth.
Surface Loading of Multilayered Elastic Solid:
The Transfer Matrix Technique
General Framework
Considering an isotropic elastic medium (z ≥ 0) laterally unbounded (see Fig. 1 ). There are no body forces, and the static equilibrium of the solid can be written as follows
where is the Cauchy stress tensor and x ,j is the 1st order partial derivative of a given operand x per the jth component.
The deformation in the solid is assumed to be infinitesimal, and thus, the strains ij are related to the displacements u i by
The constitutive-based material has elastic properties varying with depth z. Thus, one can consider the solid as a multilayered system of unbounded horizontal layers, where each layer has its own local properties (see Fig. 1 ).
For the kth layer, the constitutive equation between stresses ij and strains ij is expressed by Hooke's law where k is the shear modulus, k is the Poisson's ratio and ij is the Kronecker symbol.
Solving the contact problem is to express the displacements and the stresses in the contacting regions of the top surface of the solid (z = 0). For that issue, the problem is solved through the Hankel integral transform and the transfer matrix technique.
The Transfer Matrix Technique
Let us consider the axis of symmetry of an isotropic elastic medium as the z-axis. The governing equations are presented as follows in cylindrical coordinates (r, , z). The problem is solved in the case of axially symmetric deformation and all field variables are independent of . Consider ing t he stress vector def ined by z = rz , z , zz t and the displacements vector = u r , u , u z t . Let us introduce the following set of solution representation using the Hankel integral transform
where J n is the nth order Bessel function.
It is well known that this set of variables satisfies the two decoupled first-order differential equations
The global solution of this system is an eigenvalue extraction problem and can be written in the following form where A z , A , B , B z , A and B are constants and the matrices 1 and 2 are given in "Appendix A".
Consider that the medium is an unbounded horizontal layer of which the thickness is h (see Fig. 2 ). The superscript (+) (resp. (−) ) is used for the top layer surface variables (resp. the bottom one). One can show that where z and are the transfer matrices of the layer and are given in "Appendix A". Now let us consider a multilayered body made of N horizontal layers Fig. 1 . The 1st layer is on the top of the solid and the Nth layer lies on a homogeneous half space that can be either rigid or elastic. Considering the perfect continuity between the parallel layers, then the displacement field and the stress vector z are both continuous. Using the transfer matrices, one can obtain the following set of equations From these equations, it can be seen that the transformed stresses and displacements of the top surface of the 1st layer can be related directly to those of the bottom surface of the Nth layer by the mean of the matrices and . These matrices are given by a simple product of the transfer matrices of the intermediate layers as shown in these equations.
In order to solve the problem, the boundary conditions in the bottom face are used. Following many algebraic operations, one can show that
The matrix is called the transfer matrix of the body. The matrix coefficients depend on the bottom surface boundary conditions and are given in "Appendix B". In Eq. 5, one can see that surface displacements are related directly to surface loads using the matrix . More clearly, if a general surface loading is applied to the top surface z = 0, one can compute the real displacements automatically using the inverse Hankel transform of Eq. 5.
At last, it has to be noticed that the transfer matrix can also be formulated in Cartesian coordinates with the use of Fourier integral transform.
In what follows, the normal elastic contact problem of an axially symmetric asperity is solved by making use of the transfer matrix and integral transforms.
Elastic Contact of an Axially Symmetric Asperity

General Contact Problem
Considering a multilayered solid, the top surface shape of the solid contains an asperity which is described by a function z = f (r). The small-slope approximation is considered. The asperity is compressed normally against a rigid plan with a vertical motion . Just as in Hertz theory, a circular contact zone appears and has a radius a. Also, no shear stresses are considered. The boundary conditions of the problem are :
As shown in the previous section, using the transfer matrix technique, one can show that Using inverse Hankel transform, the boundary conditions can be written as follows -Inside contact:
Let us denote One can show that for any given boundary conditions, we have where 1 et 1 are the elastic parameters of the first layer.
Consequently, we introduce the kernel k z defined by Then Eq. (6) becomes
In order to solve this singular integral equation, we will refer to the earlier works of [37, 39] . Therefore, the auxiliary function is introduced by
Using Abel integral transform [37, 38] , one can obtain from Eq. (7) Introducing the dimensionless variables s = r∕a and t = x∕a, a Fredholm equation of the second order is obtained where and and Solving Eq. (9) is done numerically by a quadrature technique. Indeed, by choosing an interpolation base, the equation can be written in a matrix format
where , and are respectively the discretized form of , K a and G expressed in integration points.
Then is found by simple inversion of the matrix equation
Once the auxiliary function a is computed, one can calculate the total normal force P by At last, all surface stresses and displacements can be deduced using Hankel transform properties. In particular, we have -The normal stress If f is smooth, contact stress vanishes at the edge of contact zone (r = a), hence, it comes that a (1) = 0 and -Contact radius a in the case where f is smooth -The normal displacement outside contact area where s = r∕a > 1 It is important to state that the solution of [39] of elastic half spaces can be deduced by considering k z = 0, whereas the solution given by [37] can be retrieved by choosing f = 0, which corresponds to the flat contact case. In other words, the proposed solution is an extension of both solutions to cover the axially symmetric frictionless contact problem of multilayered solids.
Contact Solution for a Parabolic Asperity
Considering the case of an asperity of parabolic shape. In this case, by taking the origin on the symmetry axis, the function f is given by
Hence the Fredholm equation (9) becomes In this equation, the unknown is the contact radius a. Equation (13) is solved iteratively starting from an initial trial value a 0 which can be chosen for instance from Hertz theory a 0 = √ R. . In order to illustrate the results obtained with this model, some calculations have been performed on a single asperity model of a two-layered solid (see Fig. 3a ). The asperity is in contact with a rigid flat plane that is moved vertically against the asperity with a given displacement .
The total height of the solid is H = 1 mm and the Young modulus of the first layer is E 1 = 4 GPa. Both of these quantities are fixed in this study, while the first layer thickness h is varied as well as the second layer modulus E 2 . The Poisson ratio = 0.15 is the same for both layers.
The obtained results are compared to finite element calculations (FEM) and Hertz theory. The latter corresponds to the case of a homogeneous half space. The idea is to evaluate the accuracy of the model comparing to FEM calculations and to enhance the role of the sub-layers parameters.
The geometry, boundary conditions and the mesh of the FEM model are shown in Fig. 3b . The surface considered in this section is described by a parabolic asperity followed by a symmetric parabola having the same curvature. This parabola has been used to guarantee the continuity of the surface slope. Besides, this curve stands outside the contact area so that it does not affect the system's response. A quadratic hexahedron
element type is used and the mesh has been refined to capture all the details of the asperity. A convergence test has been performed. For example in Fig. 3b , 17.10 3 elements are used and the element size at the top of the asperity is 0.5 μm. Axisymmetric boundary conditions are applied at the axis of revolution of the asperity (u r = 0), and the displacement is fixed on the bottom of the solid (u r = u z = 0). The lateral bounds are free from any boundary conditions and the width of the solid is high enough so that the layers can be considered as unbounded. Moreover, a perfect adherence is considered between the layers to guarantee the continuity of displacement and stresses. Regarding the contact interface between the rigid plane and the solid, the augmented Lagrangian method is employed.
The evolution of the total force P with the displacement is presented in Figs. 4 , 5, and 6. In Fig. 4 , the elastic modulus ratio E 2 ∕E 1 is varied from 0.2 to 5, and the thickness h is fixed at 100 μm. As we can see, the predicted force deviates from Hertz theory predictions when the ratio E 2 ∕E 1 varies. For the unit ratio, there is a slight difference which is due to boundary conditions effect. Moreover, comparing the model predictions with finite element results (marked by FEM in the figure and drawn by dashed lines) show a good consistency.
In Fig. 5 , the effect of the first layer thickness is highlighted. The predicted results match FEM results. The less the thickness is, the more the results deviate from Hertz theory. Additionally, the curve plotted in Fig. 6 shows the predicted values for different values of asperity radius and fixed elastic parameters. Once again, there is a good consistency between the obtained results and FEM values. As summary, the proposed contact solution is in good accordance with FEM calculations and the force-displacement evolution is affected by the layers properties and thicknesses. In the following, the contact solution is simplified and used to model the normal contact of rough surfaces considering solid layers.
Contact of Rough Surfaces
An Approximate Asperity Contact Model
In the previous section, a contact model of asperities has been presented. In order to make use of this model, some simplifications are proposed. First, let us consider a parabolic asperity. The derivation of the Fredholm integral equation Eq. 9 gives
Hence, by considering that the function a is a 2nd order polynomial, one can write Using this simplified form, one can write from Eqs. (9) and (12) where and are functions of a By using the parameters and , one can express all the variables as a function of the contact radius a, which is very helpful for the case of rough surfaces as it will be presented in the next section. In particular, the normal force and the stress and the displacement are given in "Appendix C". But before tackling the problem of rough surfaces, the parameters and are plotted in Figs. 7, 8, 9 , and 10 for the same configurations studied in the previous section. For small values of contact radius a, these parameters are close to 1. In this case, the predicted values of the total force is almost the same as those predicted by Hertz theory.
Increased ratio E 2 ∕E 1 and or decreased h both lead to too much small values of corresponding to too much large contact radius for a given displacement, and to too much large values of resulting in more important force values. Conversely, reducing E 2 ∕E 1 and or raising h lead to contact area and strength lowering.
These parameters can be seen, in a certain manner, as sub-layer impact coefficients. Indeed, if the sub-layers have elastic parameters that are very different from those of the first one or if the first layer is very thin, these coefficients will influence strongly the contact behavior, which is the case in the predicted curves shown in Figs. 4, 5, and 6. As stated before, this approximate solution is obtained using a 2nd order approximation of the auxiliary function. In Figs. 11 and 12 , the relative error between the total force predicted using the approximate solution and the one issued from the theory is drawn for the same tested configurations. As we can see, the maximum relative error does not exceed 1% except for the case of the thinnest layer (h = 50 μm) where the value of 4% is reached, which is still acceptable.
The approximation introduced in this paragraph is of great importance because it significantly simplifies the asperity contact model. Using this approximation, a multiasperity contact model is presented in the following section. 
A Multiasperity Contact Model
In this section, we are dealing with the contact problem between a rough surface and a flat one. The following geometric description is similar to the ones given in [9, 11] . The body containing the rough surface is elastic and is considered as a multilayered solid. The flat surface is rigid and is moved normally with a displacement with respect to the rough surface (see Fig. 13 ). Within the framework of a multiasperity approach, the normal displacement in every point is a consequence of all the contact forces applied on surface asperities. Taking into account the interactions between asperities, the displacement of each asperity is obtained by summing the displacements due to all the contacting asperities. If N is the number of the supposed contacting asperities, the displacement w k of the kth asperity reads where where r ik is the horizontal distance between the kth and the ith asperity. This expression has been obtained from the simplified asperity contact model developed in the last section (see Eq. 25 in "Appendix C").
Let us denote z M the maximum height of the rough surface and z i the height of the ith asperity, the prescribed displacement of the ith asperity is given by:
where < . > is the positive part of its operand.
Solving the problem is to find a distribution of contact dimensions = a 1 , a 2 , … , a N satisfying contact conditions: w k ≥ k .
The equality means that the asperity is in contact while the strict inequality signifies that the asperity is not in contact, and in this case, the change of the asperity height is due to interaction effects.
Unlike our previous work [11] , where the problem has been solved using a direct method based on the minimization of an objective function based on contact kinematic conditions, the present problem is solved with a variational method consisting in minimizing of the total complementary potential energy U E of the solid [14] (14)
where Γ c is the contact zone, p is the contact pressure field and is the prescribed displacement field. For a given asperity, using the asperity contact model, the first integral corresponds to the internal energy and reads Fig. 11 The relative error between the theoretical predictions of the total force and those of the approximated model for h = 100 μm, R = 100 μm Fig. 12 The relative error between the theoretical predictions of the total force and those of the approximated model for E 2 = 10 GPa, R = 100 μm and the second integral is the prescribed displacements work which is given by By summing the contribution of all the contacting asperities, the total complementary energy reads For the special case of homogeneous half spaces = = 1, this energy reads The problem is solved by minimizing the system total energy under the constraints a ≥ 0. A Newton likewise method is used to minimize this quantity [42] .
Once the optimal contact radius distribution is found, the total force and the real contact area are obtained by adding the contribution of all the contacting asperities, and hence they are, respectively, given by
The normal separation between the two faces is where z is the height of the mean plane.
As stated before, this model considers the interactions between asperities. A simple form can be proposed to cover the case where interactions are not considered. Indeed, by neglecting the interaction terms G j , the contact radius for each asperity can be computed from the following equation
This formula can be obtained directly from contact kinematic conditions.
Results
As an example, the normal contact of a two-layered elastic solid with a rigid plane is investigated. The surface of the
Fig. 13 Geometry of rough contact problem within a multiasperity approach. Contact occurs only on asperities and the contact area shape in an asperity is circular solid is rough (see Fig. 14a ). For instance, surface roughness is kept fixed while the solid layer parameters are varied. For each configuration, the obtained results are compared to finite element calculations in the same manner as it was done for the single asperity problem (see Sect. 3.2). Moreover, the effect of the solid parameters and interactions is discussed. The dimensions of the surface sample are 1 mm × 1 mm. A fractal self-affine rough surface is considered (see Fig. 14c ). This means that its power spectrum density (PSD) is approximately given in the form of a power law PSD ∼ | |
, where D f is the fractal dimension and is the wave vector. In this paper, the fractal dimension of the surface is fixed at D f = 2.4. The self-affinity is considered between two cutoff wave numbers k m and k M . The discrete interval [k m , k M ] defines the breadth of the roughness spectrum and the PSD vanishes elsewhere. The cutoff wave numbers have been first fixed at k m = 2 and k M = 10, but will be varied later to discuss their effect. For the chosen values of the cutoff wave numbers, the studied surface corresponds to a narrow band of roughness. Using the PSD, the rough surface has been generated numerically using the discrete Fourier transform [5] . In particular, the height profile z is generated by equa-
where z 0 is a scaling amplitude parameter, L is the root square of the surface area and ( ) are independent random variables which are uniformly distributed in the interval [0, 2 [. Once the random rough surface is generated, the asperities are identified as local maxima and their geometrical properties are computed using the finite difference method.
In the finite element model (FEM model), illustrated in Fig. 14 , the solid is meshed with 6.10 5 quadratic hexahedron elements (see Fig. 14 b) . At the top of the rough surface, there is ∼ 3.10 4 elements. The convergence of the numerical models has been checked and the number of the considered elements is high enough to capture all surface details. The contact problem is solved using Augmented Lagrangian formulation [13] which guarantees the FEM solving efficiency. The finite element analysis is performed with Abaqus/Standard 6.13.
The results from various models are shown in Figs. 15 and 16. The first layer thickness is h = 100 μm, its Young modulus is fixed at E 1 = 4 GPa and the ratio E 2 ∕E 1 is varied from 0.2 to 5.
The variation of the dimensionless contact pressure p n ∕E * 1
(where E * 1 = −2 is the equivalent elastic modulus of the first layer and p n is the mean contact pressure) with normal separation g n is shown in Fig. 15 . At first sight, there is a good accordance between the proposed model predictions and finite element results. One also can see that the impact of the sub-layer properties is considerable. It is also noticeable that the evolution between the logarithm of p n ∕E * 1 and g n is In Fig. 16 , the evolution of the real contact area fraction A∕A 0 (where A 0 is the apparent contact area) with the quantity p n ∕E * 1 is presented. The numerical predictions are in good agreement with the model results. The contact area-mean pressure relationship is almost linear except for the case of very small fractions of contact area (A∕A 0 ≤ 0.5%). However, the most interesting observation that can be made is that this evolution is marginally affected by the sub-layer modulus. Indeed, the first layer modulus is the same for all the considered configurations and the introduced function is equal to 1 (see Figs. 7, 8, 9 , and 10), independently of the sub-layer modulus. Therefore, the pressure level which is controlled by function (see Eq. 24) is kept fixed with respect to contact area. Thus, this evolution is mainly affected by roughness and the first layer modulus. Finally, one should expect that the linearity of the area vs pressure relationship is only valid for a limited range of contact area, as in the classical asperity theories [7, 9] .
From these examples, it is clear that the elastic properties of the sub-layers have a considerable influence on the separation-load relation but marginally effect on the contact area-load evolution. It seems that this relationship depends only on the first layer modulus which was fixed in this study.
Another interesting point to be investigated is the interaction effect on the system response. Up to now, the complete model considering interactions has been tested and results are in good accordance with FEM calculations. In what follows, the results from the complete model (that is indicated as " I model ") are compared to the simplified model which does not consider interaction (indicated as " N model ").
The evolution of p n ∕E * 1 with normal separation g n is shown for both models in Fig. 17 . As we can see, the contribution of interactions depends on the solid parameters, and in this example, it is the ratio E 2 ∕E 1 . The increase in E 2 ∕E 1 attenuates the effect of interactions. For higher values of this ratio, interactions has little effect on the studied curve. Indeed, the function g introduced in Eq. 25 has a great effect on interaction terms. For instance, for the case where E 2 ∕E 1 = 5, these terms almost vanish and there is no need to consider interactions. In contrast, if the sub-layer is less rigid than the surface layer (E 2 ∕E 1 ≤ 1), the non-consideration of asperities lead to an overestimation of the global stiffness.
Hence one can conclude that the major influence of the sub-layers properties on the interface behavior lies in the interactions between asperities, which affect subsequently the contact area and normal stiffness. It is also worth to notice that the influence of interactions is not only dependent on the sub-layers properties but also on the first layer thickness.
Regarding the evolution of the real contact area with loading (see Fig.18 ), we observe that interactions do not affect this evolution. This remark have been already made in many works studying the effect of interactions on loadingarea evolution (see [9, 11] ).
With regard to the computational time, the new contact model provides results within ten to twenty minutes if interactions are included, and few seconds if not. The fully discretized solution obtained with the finite element method is more computationally expensive and lasts 6-8 h using As is aforementioned, the precedent studies were conducted on a narrow band rough surface and the results have been verified with the finite element method. In what follows, we present the results obtained with this model using different kinds of roughness. Indeed, the upper cutoff wave number k M has been varied from 10 to 20 and then to 40. For each value of k M , 20 surface samples have been studied. The purpose is to investigate the dependency of the effects of interactions and the sub-layer parameters on the surface spectrum bandwidth. Moreover, from this study the deviation from one result to another can be assessed and the global tendencies can be analyzed if they exist.
In Fig. 19 is shown the evolution of the dimensionless contact pressure with the normal separation for the case where E 2 ∕E 1 = 1 and considering the two models : " I model " if interactions are considered and " N model " if not. As can be seen from this figure, the spectrum breadth have a considerable influence on the predictions of the model if interactions are not considered (see the red curves in the same figure) . However, interestingly the gap between the same curves decrease if interactions are considered especially for small separations (see the blue curves). For large separations, a considerable scatter is observable which can be due to the dependency of the results at this stage on the arrangement of asperities. Once again, this study confirms that interactions tend to reduce the slope of the pressure vs separation relationship despite the spectrum bandwidth value. As regards the contact area vs pressure curve (see Fig. 20 ), one can see that this curve depends considerably on the spectrum breadth. The contact area decreases with the increase in k M . This behavior is predictable since the asperities become much smaller when k M increases. Interestingly, one can also remark that interactions do not modify these curves and this for the different surface samples.
Similarly, we have conducted the same study considering E 2 ∕E 1 = 5. The evolution of the pressure vs separation is shown in Fig. 21 . Comparing to the previous case, it is clear that interactions become less influent on this relationship especially for the narrow band surfaces k M = 10. As k M increases, interactions still have an impact on this relationship. This can also be explained by the fact that the increase in k M leads to decreasing the contact spots size with respect to the surface layer thickness which remains fixed at 100 μm. Moreover, for the same configurations, Fig. 22 shows the area vs pressure curve. Once again, the same results can be seen, namely the considerable influence of k M and conversely the non-dependence on interactions.
From the different studies, it is clear that the prediction of the pressure vs separation curve depends on the spectrum bandwidth and the solids layers properties. As we have shown, the consideration of interactions is proved to be necessary for many cases, in particular, if the surface spectrum bandwidth is enough large and/if the surface layer is enough thick or if the solid sub-layers are less stiff. Moreover, if interactions are considered, the predictions of the model seems to be less dependent on the upper wave number especially for the case of small separations. Furthermore, the contact area vs pressure curve seems to be marginally affected by all these features, except the spectrum bandwidth, and the linearity is predicted for limited range of contact areas. In particular, the increase in the surface bandwidth leads to a decrease in the contact area with respect to the load. This is a classical result and was already predicted in many theories such as Bush et al. theory [8] and Persson's theory [43] .
Conclusion
In this work, a contact model of rough surfaces and multilayered solids has been proposed. The model is based on a multiasperity surface description. The transfer matrix technique has been used to express surface displacements as functions of the surface loads. Then, making use of Abel and Hankel transforms, a contact model of parabolic asperities has been developed. At the asperity scale, results show that the sub-layer properties affect clearly the load-displacement curve.
By making use of a second order approximation of the asperity model, a contact model of rough surfaces has been developed. The obtained results have been compared to finite element calculations. A good agreement has been observed between the two methods.
As an example, a two-layered solid with a rough surface has been studied. Results show that the sub-layer properties strongly affect the contact interface stiffness but much less the load-area evolution. The latter depends essentially on surface roughness and the first layer properties. With regard to stiffness, the sub-layers properties have a great influence on interaction terms which affects the load-separation evolution. Indeed, it has been shown that in some cases, the interactions between asperities can be neglected, while in the homogeneous case, interactions must be considered even in the case of small loads and contact areas. Moreover, the effect of the surface bandwidth has been investigated over many surface realizations. The obtained results highlight the role of interactions which increase if the surface is a Finally, this model can be used to embed large-scale numerical models with the aim to consider the effect of roughness and a normal gradient of properties using the approach presented in our work [11] . 
